Abstract. In this paper we study wide subcategories. A full subcategory of R-modules is said to be wide if it is abelian and closed under extensions. Hovey [Hov01] gave a classification of wide subcategories of finitely presented modules over regular coherent rings in terms of certain specialisation closed subsets of Spec(R). We use this classification theorem to study K-theory and "Krull-Schmidt" decompositions for wide subcategories of modules.
Introduction
Definition 1.1. [Hov01] A full subcategory C of an abelian category is said to be wide if it is an abelian subcategory that is closed under extensions. Example 1.2. Easy exercises in algebra tell us that the following are wide subcategories. Here and elsewhere, all subcategories that we consider will be full subcategories.
(1) Rational vector spaces form a wide subcategory of abelian groups.
(2) For every prime p, p-local abelian groups form a wide subcategory of abelian groups. (3) Finitely generated modules over a noetherian ring form a wide subcategory of R-modules. (4) Finitely presented modules over a coherent ring form a wide subcategory of R-modules.
This definition is motivated by the study of thick subcategories. Recall that a thick subcategory of a triangulated category is a full triangulated subcategory that is closed under direct summands. Hovey [Hov01] showed that an analogue of a thick subcategory for abelian categories is a wide subcategory (defined above). To understand this analogy, and for the precise connection between wide subcategories and thick subcategories, see theorem 2.2 and figure 1.
In this paper we study wide subcategories of modules. These wide subcategories can be better understood when we restrict ourselves to modules with some finiteness conditions, i.e., finitely generated or finitely presented. Therefore we restrict ourselves to a smaller subcategory of R-modules called Wide(R): the wide subcategory generated by the ring R in the category of R-modules. In other words, Wide(R) is the intersection of all the wide subcategories of R-modules that contain R. It is hard to characterise Wide(R) for any given ring R. However, when R is coherent (every finitely generated ideal is finitely presented), it turns out the Wide(R) is precisely the category of finitely presented R-modules; see [Hov01, Lemma 1.6]. Similarly, it is an easy exercise to show that if R is noetherian, then Wide(R) consists of the finitely generated R-modules.
We now focus our attention on the wide subcategories of Wide(R). The lattice of these subcategories will be denoted by L Wide (R). Analogously, the thick subcategory generated by R in the derived category will be denoted by Thick(R). It is well-known [Chr98, Proposition 9.6] that Thick(R) is equivalent to the chain homotopy category of perfect complexes (bounded chain complexes of finitely generated projective R-modules). The lattice of all the thick subcategories of Thick(R) will be denoted by L Thick (R).
We begin, in the next section, with Hovey's classification of the lattice L Wide (R). We then use this classification to study two things about wide subcategories: Ktheory in section 3 and decompositions in section 4. In more detail, in section 3 we show that when R is a regular coherent ring, the K-theory of a wide subcategories W in L Wide (R) agrees with the K-theory of a thick subcategory C in L Thick (R) consisting of chain complexes whose homology groups belong to W. In section 4 we show that when R is a noetherian regular ring, the wide subcategories in L Wide (R) can be decomposed uniquely into indecomposable wide subcategories. We also show how this decomposition result recovers a known splitting result in algebra.
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Hovey's classification of wide subcategories
Recall that a ring is regular if every finitely generated ideal has finite projective dimension. It is a standard fact [Gla92, Theorem 6.2.1] that a coherent ring R is regular if and only if every finitely presented R-module has finite projective dimension. Regular coherent rings form a large class of commutative rings: Clearly this includes all noetherian regular rings. Polynomial rings in infinitely many variables over a PID are some non-noetherian examples in this class. The following old algebra tells us how to construct more examples of regular coherent rings.
Theorem 2.1. [Gla92] Let {R α } be a diagram of regular coherent rings such that for each arrow α → β, the ring map R α → R β is flat, i.e., R β is a flat as a module over R α . Then colim α R α is a regular coherent ring.
The classification of wide subcategories is based on special geometric subsets of Spec(R) which we now define. A subset S of Spec(R) is a thick support if it is a union of (Zariski) closed sets S α such that Spec(R) − S α is quasi-compact. Since all open subsets in a noetherian ring are quasi-compact [AM69, Page 12, Ex. 17(v)], it follows that the thick supports for noetherian rings are precisely subsets of Spec(R) that are a union of closed sets (also known as specialisation closed subsets). We will denote the collection of thick supports of Spec(R) by S. The main result of [Hov01] 
h h P P P P P P P P P P P P P P ζ ∼ = 6 6 n n n n n n n n n n n n n n Figure 1 . Bijection between wide subcategories and thick subcategories where ξ(A) = {M ∈ Wide(R) : Supp(M ) ⊆ A}, ζ(A) = {X ∈ Thick(R) : Supp(X) ⊆ A}, and f (W) = {X ∈ Thick(R) : H n (X) ∈ W ∀ n}.
As indicated in the above diagram, Hovey arrives at this theorem by passing to the derived category and using a result of Thomason [Tho97] which classifies thick subcategories of perfect complexes over a commutative ring. In fact, it is in the process of this transition (from the module category to the derived category) that the regularity assumption enters into the picture.
K-theory for wide subcategories
Since a wide subcategory is also an abelian category, it makes sense to talk of its Grothendieck group. So we now try to relate the Grothendieck groups of wide subcategories and thick subcategories that correspond to each other under the above bijection f . We begin with a simple motivating example.
Example 3.1. Let R = Z, or more generally a PID. Since R is clearly regular and coherent, by the above theorem we know that the wide subcategories of Wide(R) and thick subcategories of Thick(R) are in bijection with the thick supports of Spec(Z). So if S is any proper thick support of Spec(Z), then the corresponding wide subcategory is the collection of all finite abelian groups whose torsion is contained in S. It can be easily verified that the Grothendieck group of this subcategory is a free abelian group of rank |S|. (The p-length of a finite abelian group, for each p in S, gives the universal Euler characteristic function.) If S = Spec(Z), then the corresponding wide subcategory is clearly the collection of all finitely generated abelian groups. The Grothendieck group of the latter is well-known to be infinite cyclic. (The free rank of the finitely generated abelian group gives the universal Euler characteristic function.) It turn out that one arrives at the same answers by computing the Grothendieck groups for the thick subcategories of perfect complexes over a PID.
So motivated by this example, we now prove that the above bijection between the lattices L Wide (R) and L Thick (R) preserves K-theory.
Theorem 3.2. Let R be a regular coherent ring. If C is any wide subcategory of
Proof. Since these Grothendieck groups are quotients of free abelian groups on the appropriate isomorphism classes of objects, we first define maps on the free abelian groups. To this end let F W denote the the free abelian group on isomorphism classes of objects in C and let F T denote the free abelian group on isomorphism classes of objects in f (C). Now we define maps
Since F W and F T are free abelian groups, it suffices to define the maps on the basis elements. So we define φ(M ) := M [0] and ψ(x) := (−1) i H i (x). In order to show that these maps give the isomorphism in K-theory, we have to check the following things.
(1) Both φ and ψ are well-defined group homomorphisms.
(2) φ descends to K 0 (C) and ψ descends to K 0 (f (C)).
(3) φ and ψ are inverses to each other. 1. M being a finitely presented module over a regular coherent ring, it has finite projective dimension [Gla92, Theorem 6.
is a well defined element of F W . 2. To show that φ descends, all we need to show is that whenever 0 → A → B → C → 0 is a short exact sequence in C, then φ(B) = φ(A) + φ(C). We can replace each of these three modules with their projective resolutions and these resolutions will be perfect complexes because the ring is coherent (see the proof of [Hov01, Prop. 3.4]). So let P A and P C be projective resolutions of the modules A and C. Then by the Horseshoe lemma [Wei94] we know that P A ⊕ P C is a projective resolution of B and these resolutions fit into a short exact sequences of complexes 0
Now we show that the map ψ descends to K 0 (f (C)). Start with an exact triangle x → y → z → Σ x in f (C). We have to show that
in F W . In view of the induced long exact sequence in homology groups (in C), it suffices to show that whenever
When n = 3, this holds by definition. When n = 4, we break the exact sequence 
. It remains to show that this last expression is equal to x in K 0 (f (C)).
In order to show that, we make use of the natural t-structure on the derived category. Let l denote the smallest integer such that H i (x) = 0 for all i > l (homologically graded complexes). Then we get the following exact triangles in D(R) using the truncation functors given by the t-structure.
etc.
(Here x ≤i is a complex whose homology agrees with that of x in dimensions ≤ i and has no homology in dimensions > i.) Now we claim that these triangles are in fact exact triangles in f (C). First of all, the homology groups of these complexes belong to C, and by properties of the truncation functors, it is clear that the homology groups of each complex in the above exact triangles are concentrated only in a finite range. Now the smallness of these complexes follows from the following characterisation of small objects over a regular coherent ring. The above exact triangles give the following equations in K 0 (f (C)).
It is easy to see that x =i is quasi-isomorphic to H i (x) [i] . By replacing this quasiisomorphism in the last equation we get
]. That proves that φψ(x) = x, and we are done.
Corollary 3.4. If R is a regular coherent ring, then
Proof. It is well-known that if A is any essentially small abelian category, then
In particular, if A = Wide(R), the abelian category of finitely presented R-modules, we get
By theorem 3.2 we know that
. So the corollary follows by combining these two isomorphisms.
Decompositions for wide subcategories
We now study Krull-Schmidt decompositions for wide subcategories. A KrullSchmidt decomposition of a wide subcategory W of an abelian category A is a collection of wide subcategories (W i ) i∈I in A such that,
(1) W i W j = 0 for all i = j. (4) Uniqueness: If i∈I V i is any other collection of wide subcategories that satisfy the above three properties, then W i ∼ = V i up to a permutation of indices. A Krull-Schmidt decomposition is denoted by W = ∐ i∈I W i .
Analogously, a thick decomposition of a thick support S, we will mean a decomposition S = S i into non-empty thick supports, where S i ∩ S j = ∅ if i = j. A thick decomposition is Krull-Schmidt if the S i do not admit nontrivial thick decompositions.
We show that the wide subcategories admit a Krull-Schmidt decomposition by showing that their corresponding thick supports admit one.
Proposition 4.1. Let R be a noetherian ring and let S be a thick support of Spec(R). Then there exists a unique Krull-Schmidt decomposition S i for S.
Proof. It is well-known that the set of prime ideals in a noetherian ring satisfies the descending chain condition [AM69, Corollary 11.12]. (This condition is equivalent to saying that any non-empty collection of primes ideals has a minimal element.) To start, let S be a thick support in Spec(R) and let (p i ) i∈I be the collection of all minimal elements in S -i.e., primes p ∈ S which do not contain any other prime in S. It is now clear (using the above fact about noetherian rings) that every prime p ∈ S contains a minimal element p i ∈ S, therefore S = i∈I V (p i ). (Also note that each V (p i ) is a closed subset of Spec(R) and hence a thick support.) Now define the thick graph G S of S as follows: The vertices are the minimal primes (p i ) i∈I in S, and two vertices p i and p j are adjacent if and only if V (p i ) ∩ V (p j ) = ∅. Let (C k ) k∈K be the connected components of this graph and for each C k define a thick support
By construction it is clear that S k is a thick decomposition of S. It is not hard to see that each S k is indecomposable. This is done by showing that any thick decomposition of S k disconnects the connected component C k of the thick graph of S. Finally the uniqueness part: let T k be another Krull-Schmidt decomposition of S. It can be easily verified that the minimal primes in T k are precisely the minimal primes of S that are contained in T k . Thus the Krull-Schmidt decomposition T k gives a partition of the set of minimal primes in S. This partition induces a decomposition of the thick graph of S into its connected (since each T k is indecomposable) components. Since the decomposition of a graph into its connected components is unique, the uniqueness of Krull-Schmidt decomposition follows.
Theorem 4.2. Let R be a noetherian regular ring. Then every wide subcategory of Wide(R) admits a Krull-Schmidt decomposition. Conversely, given wide subcategories W i of Wide(R) such that W 1 W j = 0 for i = j, there exists a unique wide subcategory W ⊆ Wide(R) such that W = i∈I W i is a Krull-Schmidt decomposition for W.
Proof. Since R is a noetherian ring, Wide(R) consists of the finitely generated Rmodules. Therefore let W be a wide subcategory of finitely generated R-modules and let S denote the corresponding thick support under the bijection ξ (see figure 1) . Since R is a noetherian ring, we know, by proposition 4.1, that S admits a unique Krull-Schmidt decomposition S = i∈I S i . Now let W i be the wide subcategory corresponding to S i . We claim that ∐ i∈I W i is a Krull-Schmidt decomposition of W.
The first thing to note here is that W i W j = 0 for i = j: Suppose not, then since the intersection of wide subcategories is a wide subcategory, the non-trivial wide subcategory W i W j would then corresponds to a non-empty thick support that is contained in S i S j , which is impossible since S i S j = ∅. Therefore W i W j = 0 for i = j.
We now argue that the objects in W are the finite coproducts of objects in W i . We give an indirect method by showing that ∐ W i is a wide subcategory. Once we show this, then since the thick support corresponding to this wide subcategory is clearly S i (= S), the conclusion follows. As a further reduction, it suffices to show that W 1 ∐ W 2 is a wide subcategory if W 1 and W 2 are wide subcategories corresponding to disjoint thick supports S 1 and S 2 respectively. First observe that Hom(W 1 , W 2 ) = 0: To see this, consider modules M i ∈ W i . Then for all primes p in Spec(R), we have
(The last equality follows from the fact that S 1 S 2 = ∅.) So Hom(W 1 , W 2 ) = 0 and consequently every map
It is now clear that W 1 ∐ W 2 is an abelian category. The more interesting part is to show that W 1 ∐ W 2 is closed under extensions. Towards this, consider a short exact sequence of finitely generated modules
This short exact sequence corresponds to a class in Ext
Since Ext behaves well with respect to finite coproducts in both components, we get
We now claim that for i = j, Ext 
So the upshot is that every extension of M 1 ⊕ M 2 and M For uniqueness, suppose W = ∐ V i be a Krull-Schmidt decomposition for W. Let S and S i be the thick supports corresponding to W and V i respectively. We claim that (S i ) i∈I is a Krull-Schmidt decomposition for S. Because Hovey's bijection is a map of posets, it is clear that S i ⊆ S for i. It is also easy to see that that S = i S i : S is the union of the supports of the modules in W. But every module M ∈ W can be written as
we have S = i S i . Next thing to be seen is S i S j = ∅ : Suppose not. Then since intersection of thick supports is a thick support, the non-empty thick support S i S j corresponds to a non-zero thick subcategory that is contained in V i V j . That contradicts the hypothesis that V i V j = 0. This proves that S = i∈I S i is a Krull-Schmidt decomposition and therefore it follows that that V i = W i up to a permutation. So we get uniqueness.
For the converse, define W to be the full subcategory of coproducts of objects in the W i and let S i be the thick support corresponding to W i . The argument in the previous paragraph tells us that S i S j = ∅ for i = j. This implies that Hom(W i , W j ) = 0 and therefore it follows, by arguing exactly as above, that W i is wide subcategory. This completes the proof of the theorem.
Remark 4.3. It is worth noting that our proofs give the following stronger statements.
(1) Let R be a regular coherent ring. Then a wide subcategory of finitely presented modules admits a Krull-Schmidt decomposition if and only if the corresponding thick support admits a Krull-Schmidt decomposition. (2) Let R be a regular coherent ring with the following properties. Remark 4.4. However plausible the above decomposition might sound, it is not clear how one would arrive at such a decomposition without using Hovey's classification. It would be interesting to find a more direct way to get this decomposition. Such an approach might actually give us a much stronger result, possibly without the regularity assumption.
Remark 4.5. In fact such decompositions have also been studied in triangulated categories. See [Kra99] and [Che05] for Krull-Schmidt decomposition for thick subcategories of small objects in triangulated categories such as stable modules categories over group algebras, derived categories of rings, and the stable homotopy category of spectra.
The following splitting result which is a consequence of these decompositions is well-known.
Corollary 4.6. Let R be a noetherian ring and M a finitely generated R-module. Then M admits a unique splitting
for some n such that the supports of the M i are pairwise disjoint and indecomposable.
Proof. Existence of such a splitting: Since M is a finitely generated R-module, Supp(M ) is a closed set and therefore admits a Krull-Schmidt decomposition by proposition 4.1. Let L denote the smallest wide subcategory of R-modules closed under direct sums that contains M . Hovey [Hov01, Theorem 5.2] showed that such subcategories are in bijection with subsets of Spec(R). It can be shown (exactly as shown above for wide subcategories) that L admits a Krull-Schmidt decomposition i∈I L i which corresponds to a Krull-Schmidt decomposition of Supp(M ). The existence of the desired splitting of M is now obtained from this decomposition of L. Uniqueness follows from the fact that there are no non-trivial maps from M to N whenever M and N are finitely generated modules with disjoint supports.
Corollary 4.7. Let R be a noetherian regular ring and let W be a wide subcategory of finitely generated R modules. Then
where i∈I W i is the Krull-Schmidt decomposition of W.
Proof. This follows directly from the fact observed above that for i = j in I, Hom(W i , W j ) = 0.
Remark 4.8. Note that our commutative ring R was assumed to be regular for most of the results in this paper. That seems to be somewhat unnatural restriction on the ring for these results. At least some of these results ought to be true without the regularity assumption on R. In order to address this issue, we first have to find out whether Hovey's classification of wide subcategories holds for all coherent rings. The classification of wide subcategories is completely a module theoretic question. However, Hovey's proof of this classification detours into the derived category and makes use of Thomason's classification of thick subcategories of perfect complexes. It is precisely in this passage, from the module category to the derived category, the regularity assumption came in. (Basically the point is that we are replacing a finitely presented module by its projective resolution. Now, unless the ring is regular, there is no guarantee that this resolution will land in the category of perfect complexes.) So maybe one should try to give a direct proof of Hovey's classification. Once the regularity assumption can be relaxed from his theorem, it can be immediately be relaxed from the other results in this paper.
